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1 分分分數數數四四四則則則

1. (a)
2

3
− 3

5
=

1

15
(b)1 +

5

8
− 1

6
=

35

24

2. (a)
2

3
(6− 3

2
) = 3 (b)(3 +

1

4
)(1− 4

5
) =

13

20

3. (a)
2
2
3

−
2
3

2
=

8

3
(b)

2
5
+ 1

2
1
10

+ 3
15

= 3

2 指指指數數數與與與根根根式式式

9. 將下列指數表示法改成根式表示法:

(a)42/3 = 3
√
16 = 2 3

√
2 (b)10−3/2 =

1

10
√
10

=

√
10

100

(c)2−1.5 =
1

2
√
2
=

√
2

4
(d)a2/5 =

5
√
a2 = ( 5

√
a)2

10. 將下列根式表示法改成指數表示法:

(a)
1√
3
= 3−0.5 (b)

3
√
72 = 72/3

(c)
5
√
53 = 53/5 (d)

1√
x5

= x−5/2

11. 計算下列各式

(a)−26 = −64 (b)(−2)6 = 64 (c) (1
5
)2 · (−3)3 =

−27

25

12. 計算下列各式

(a)(5
3
)0 · 2−1 =

1

2
(b)

2−3

30
=

1

8
(c) (2

3
)−2 =

9

4

13. 化簡下列各式

(a)x3 · x4 = x7 (b)(2y2)3 = 8y6 (c)y−2y7 = y5

(d)x−5 · x3 = x−2 =
1

x2
(e)w−2w−4w5 = w−1 =

1

w
(f)

x16

x10
= x6

(g)
a9a−2

a
= a6 (h)(a2a4)3 = a18 (i)

(x
2

)3

(5x6) =
5x9

8

(j)(3x3y2)(2y3) = 6x3y5 (k)(5w2z−2)2(z3) = 25w4z−1 =
25w4

z

(l)

(
a2

b

)5(
a3b2

c3

)3

=
a19b

c9
(m)

(u−1v2)2

(u3v−2)3
= v10u−11 =

v10

u11

(n)
8a3b−4

2a−5b5
=

4a8

b9
(o)

( y

5x−2

)−3

=
125

x6y3



14. 已知x為實數,化簡下列式子(注意正負):

(a)
√
x2 = |x| (b)

3
√
x3 = x

(c)
6
√
x6 = |x| (d)

10
√
x6 = |x| 35

(e)
5
√
x3 = x

3
5

15. 已知x, a, b為非負實數,化簡下列式子:

(a)
4
√
x4 = x (b)

4
√
16x8 = 2x2

(c)
6
√
64a6b7 = 2ab 6

√
b (d)

3
√
a2b

3
√
64a4b = 4a2b2/3

16. 化簡下列式子:

(a)
√
32 +

√
18 = 7

√
2 (b)

√
75 +

√
48 = 9

√
3

17. 已知x, y, a為非負實數,化簡下列式子:

(a)
√
9a3 +

√
a = (3a+ 1)

√
a (b)

√
16x+

√
x5 = (4 + x2)

√
x

(c)
√
81x2 + 81 = 9

√
x2 + 1 (d)

√
36x2 + 36y2 = 6

√
x2 + y2

18. 計算下列式子:

(a)161/4 = 2 (b)−81/3 = −2

(c)9−1/2 =
1

3
(d)322/5 = 4

(e)(4
9
)−1/2 =

3

2
(d)(16

81
)3/4 =

8

27

19. 化簡下列式子(x, y, w, a > 0):

(a)x3/4x5/4 = x2 (b)y2/3y4/3 = y3

(c)
w4/3w2/3

w1/3
= w5/3 (d)

a5/4(2a3/4)3

a1/4
= 8a13/4

20. 化簡下列式子(s, t, x, y, z > 0):

(a)
(8s3t3)2/3

(s4t−8)1/4
= 4st4 (b)

(32x5y−3/2)2/5

(x5/3y2/3)3/5
=

4x

y

(c)

(
x3/2

y−1/2

)4(
x−2

y3

)
=

x4

y

(d)

(
4y3z2/3

x1/2

)2(
x−3y6

8z4

)1/3

=
8y8

x2

21. 化簡下列式子(x, y, u, v > 0):

(a) 6
√

y5 3
√

y2 = y3/2 (b)(5 3
√
x)(2 4

√
x) = 10x7/12

2



(c) 3
√

y
√
y = y1/2 (d)

√
16u3v

uv5
=

4u

v2

22. 有理化下列式子的分母部分(x > 0):

(a)
1√
6
=

√
6

6
(b)

√
3

2
=

√
6

2
(c)

9
4
√
2
=

9 4
√
8

2

(d)
1√
5x

=

√
5x

5x
(e)

√
x

5
=

√
5x

5
(f) 5

√
1

x3
=

5
√
x2

x

3 代代代數數數乘乘乘法法法與與與因因因式式式分分分解解解

23. 請提出公因式,並因式分解:

(a)−2x3 + x = x(−2x2 + 1), 在實數中可分解為−x(
√
2x+ 1)(

√
2x− 1)

(b)y(y − 6) + 9(y − 6) = (y + 9)(y − 6)

(c)2x2y − 6xy2 + 3xy = xy(2x− 6y + 3)

24. 因式分解下列各式:

(a)x2 + 8x+ 7 = (x+ 7)(x+ 1)

(b)8x2 − 14x− 15 = (4x+ 3)(2x− 5)

(c)(3x+ 2)2 + 8(3x+ 2) + 12 = (3x+ 8)(3x+ 4)

(d)9a2 − 16 = (3a− 4)(3a+ 4)

(e)27x3 + y3 = (3x+ y)(9x2 − 3xy + y2)

(f)8s3 − 125t3 = (2s− 5t)(4s2 + 10st+ 25t2)

25. 利用分組,因式分解下列各式:

(a)x3 + 4x2 + x+ 4 = (x2 + 1)(x+ 4)

26. 分解下列式子:

(a) x−3/2 + 2x−1/2 + x1/2 =
(x+ 1)2

x3/2

(b)(x2 + 1)1/2 + 2(x2 + 1)−1/2 =
x2 + 3

(x2 + 1)1/2

3



(c)t2 − 6t+ 9 = (t− 3)2

(d)4x2 + 4xy + y2 = (2x+ y)2

(e)(a+ b)2 − (a− b)2 = 4ab

(f)x3 + 2x2 + x = x(x+ 1)2

(g)x4y3 − x2y5 = x2y3(x− y)(x+ y)

(h)3x3 − x2 − 12x+ 4 = (3x− 1)(x− 2)(x+ 2)

4 分分分式式式型型型態態態

29. 化簡下列分式:

(a)
x2 + 2x− 15

x2 − 25
· x− 5

x+ 2
=

x− 3

x+ 2

(b)
x+ 3

4x2 − 9
÷ x2 + 7x+ 12

2x2 + 7x− 15
=

x+ 5

(2x+ 3)(x+ 4)

30. 加或減(合併):

(a)
3

x+ 1
− 1

x+ 2
=

2x+ 5

(x+ 1)(x+ 2)

(b)
5

2x− 3
− 3

(2x− 3)2
=

10x− 18

(2x− 3)2

31. 複合分式化簡:

(a)
1 +

1

x
1

x
− 2

=
x+ 1

1− 2x
(b)

x− x

y

y − y

x

=
x2(y − 1)

y2(x− 1)

(c)

1

1 + x+ h
− 1

1 + x
h

=
−1

(1 + x+ h)(1 + x)

(d)
2(1 + x)1/2 − x(1 + x)−1/2

x+ 1
=

x+ 2

(x+ 1)3/2

32. 有理化分母:

(a)
1

5−
√
3
=

5 +
√
3

22
(b)

2√
2 +

√
7
=

2(
√
7−

√
2)

5

33. 有理化分子:

4



(a)
1−

√
5

3
=

−4

3(1 +
√
5)

(b)

√
x−

√
x+ h

h
√
x
√
x+ h

=
−1

√
x
√
x+ h(

√
x+

√
x+ h)

=
−1

x
√
x+ h+ (x+ h)

√
x

5 解解解方方方程程程式式式

34. 解方程式

(a)−x+ 3 = 4x

答:x =
3

5

(b)PV = nRT ,解R

答:R =
PV

nT

(c)P = 2l + 2w,解w

答:w =
P − 2l

2

(d)
ax+ b

cx+ d
= 2,解x

答:x =
2d− b

a− 2c
,如果a− 2c ̸= 0

35. 解二次方程式

(a)x2 + x− 12 = 0

答:x = −4, 3

(b)2x2 − 8 = 0

答:x = ±2

(c)(2x− 5)2 = 81

答:x = 7,−2

36. 配完全平方解方程式:

(a)x2 + 2x− 5 = 0

解:(x+ 1)2 = 6, 所以x = −1±
√
6

(b)2x2 + 8x+ 1 = 0

5



解:2(x+ 2)2 = 7, 所以x = −2±
√

7

2

37. 解二次方程式(利用因式分解或公式)

(a)x2 − 13x+ 42 = 0

答:x = 7, 6

(b)9x2 + 12x+ 4 = 0

答:x =
−2

3
(重根)

(c)7x2 − 2x+ 4 = 0

答:判別式b2 − 4ac = (−2)2 − 4 · 7 · 4 = −108 < 0,無實數解

38. 判斷下列二次方程式有幾個根?

(a)x2 − 6x+ 1 = 0

答:判別式b2 − 4ac = 32 > 0,二相異實根(或配方,(x− 3)2 = 8,x = 3± 2
√
2). QED.

(b)x2 + 2.2x+ 1.21 = 0

答:(x+ 1.1)2 = 0, x = −1.1(一個根,重根)

(c)4x2 + 5x+ 13
8
= 0

答:判別式b2 − 4ac = 52 − 4 · 4 · 13
8

= −1 < 0,無實根. QED.

39. 解方程式

(a)
1

x− 1
+

1

x+ 2
=

5

4

答:通分整理後得二次方程式5x2 − 3x− 14 = 0,

解出x = 2,
−7

5

(注意:如果求解得x = −2或x = 1,這就必須剔除,因為會讓原式分母為0). QED.

(b)
√
2x+ 1 + 1 = x

解:
√
2x+ 1 = x− 1,平方後得2x+ 1 = x2 − 2x+ 1,得x = 0, 4 (0不合)
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注意:解必須滿足2x+ 1 ≥ 0,否則會使
√
2x+ 1無法計算. QED.

(c)x4 − 13x2 + 40 = 0

解:(x2 − 8)(x2 − 5) = 0,所以x = ±2
√
2,±

√
5

注意:將x2視為u,得到u2 − 13u+ 40 = 0的二次方程式. QED.

(d)x4/3 − 5x2/3 + 6 = 0

解: 設u = x2/3,則u2 − 5u+ 6 = 0,可得u = 2, 3,

x2/3 = 2, 3,兩邊三次方,得x2 = 8, 27,開根號得x = ±2
√
2,±3

√
3.

注意:x2/3在計算時,可以先求x2再開三次方根,或先把x開三次方根,再平方. QED.

(e)|3x+ 5| = 1

解: 3x+ 5 = ±1, 3x = −4,−6, x =
−4

3
,−2.

6 平平平面面面幾幾幾何何何

48. 依下列給定條件找出圓方程式:

(a)圓心(2,−1),半徑3

(b)直徑的兩端點為P (−1, 1), Q(5, 9)

解: (a) (x− 2)2 + (y + 1)2 = 9

(b) (x− 2)2 + (y − 5)2 = 25

49. 求圓心與半徑

(a)x2 + y2 + 4x− 6y + 12 = 0

(b)2x2 + 2y2 − 3x = 0

解: (a) (x+ 2)2 + (y − 3)2 = 1,圓心(−2, 3),半徑1

(b) (x− 3

4
)2 + y2 = (

3

4
)2,圓心(3/4, 0),半徑3/4

50. 直線問題

(a)計算直線PQ的斜率P (−1, 2), Q(0, 0)

(c)求直線方程式:斜率5,通過(2, 3)

(d)求直線方程式:通過(2, 1), (1, 6)

(e)求直線方程式:斜率0,通過(1, 3)

(f)求直線方程式:斜率不存在,通過(2, 1)

(g)求直線方程式:通過(1, 6),跟x+ 2y = 6平行

7



(h)求直線方程式:通過(−1,−2),跟2x+ 5y + 8 = 0垂直

解: (a) y = −2x,(c)y = 5x− 7,(d)y − 1 = −5(x− 2),

(e)y = 3, (f) x = 2,(g) x+ 2y = 13, (h) 2y = 5x+ 1

7 多多多項項項式式式除除除法法法

57. 計算除法P (x)除以D(x)的商式Q(x)以及餘式R(x)

以
P (x)

D(x)
= Q(x) +

R(x)

D(x)
表示:

P (x) = 2x2 − 5x− 7, D(x) = x− 2

解:
2x2 − 5x− 7

x− 2
= (2x− 1) +

−9

x− 2
. QED

58. 計算除法P (x)除以D(x)的商式Q(x)以及餘式R(x)

以P (x) = Q(x) ·D(x) +R(x)表示:

P (x) = −x3 − 2x+ 6, D(x) = x+ 1

解:−x3 − 2x+ 6 = (−x2 + x− 3)(x+ 1) + 9, QED.

59. 長除法(可使用分離係數法或綜合除法):

(a)
x3 + 2x+ 1

x2 − x+ 3

(b)
x3 − 8x+ 2

x+ 3

解:(a)
x3 + 2x+ 1

x2 − x+ 3
= x+ 1 +

−2

x2 − x+ 3
,

(b)
x3 − 8x+ 2

x+ 3
= (x2 − 3x+ 1) +

−1

x+ 3
, QED.

60. 計算P (x)除以x− c的餘式,其中P (x) = 4x2 + 12x+ 5, c = −1.

解: 餘式定理:如果P (x)除以(x− c)的商為Q(x),餘式為r

(次數小於x− c次數,所以只有常數項),則

P (x) = (x− c)Q(x) + r,

這是恆等式.代入x = c,可得

P (c) = (c− c)Q(c) + r = 0 ·Q(c) + r = r.

由餘式定理,P (−1) = 4− 12 + 5 = −3,所以餘式為−3, QED.

61. 計算P (x)除以x− c的餘式,其中P (x) = x3 − 3x2 + 3x− 1, c = 1,

請說明為何x− 1是P (x)的因式.

解:由餘式定理,P (1) = 1− 3 + 3− 1 = 0,所以餘式為0,

所以(x− 1)是P (x)的因式, QED.
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62. 計算P (x)除以x− c的餘式,其中P (x) = x3 + 2x2 − 9x− 18, c = −2,

請說明為何x+ 2是P (x)的因式.

解:由餘式定理,P (−2) = −8 + 8 + 18− 18 = 0,所以餘式為0,

所以(x+ 2)是P (x)的因式, QED.

63. 計算 P (x)次數為3,有三個實根−1, 1, 3,常數項為6.

解: P (x)為(x+ 1)(x− 1)(x− 3)的倍數,

(x+ 1)(x− 1)(x− 3) = x3 − 3x2 − x+ 3,

乘以2後常數項為6,所以P (x) = 2x3 − 6x2 − 2x+ 6. QED.

64. 計算 P (x)次數為4,有四個實根−2, 0, 1, 3,其中x3係數為4.

解: P (x)為(x+ 2)x(x− 1)(x− 3)的倍數,

(x+ 2)x(x− 1)(x− 3) = x4 − 2x3 − 5x2 + 6x,

乘以−2後x3係數為4,所以P (x) = −2x4 + 4x3 + 10x2 − 12x. QED.
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8 對對對數數數函函函數數數(指指指數數數函函函數數數的的的反反反函函函數數數)

� 如果 y = f(x)是函數,輸入為x;輸出為y = f(x),

而f的反向操作(輸入y,反求x)被稱為f的反函數.

� 例如y = x2,在x ≥ 0時,x =
√
y為其反函數.

有時需要加上限定條件,反向操作才能變成函數

(例如這裡只談x ≥ 0,在這範圍內y = x2是一對一函數,才會有反函數).

� 先考慮指數函數,設a > 0,a ̸= 1, 則y = ax為指數函數.

在此對任意x都有ax > 0 (請參考圖形).

� 指數函數圖形(a > 1時):

y = ax圖形為遞增,

“對任何x都有ax > 0”這一事實表示y = ax圖形在x軸之上,

且y = ax通過(0, 1),

當x → ∞時,ax → ∞;當x → −∞時,ax → 0(由上方靠近0).

� 指數函數圖形(0 < a < 1時):

y = ax圖形為遞減,

“對任何x都有ax > 0”這一事實表示y = ax圖形在x軸之上,

且y = ax通過(0, 1),

當x → ∞時,ax → 0(由上方靠近0);當x → −∞時,ax → ∞.

� (a = 1時,y = 1x = 1為常數函數)

� 對數函數的定義: 給定a > 0, a ̸= 1,

定義x = loga y,如果y = ax成立. 其中y是 loga y的輸入,x是輸出

在此a被稱為底數,log是對數函數的名字(英文為logarithm).

� 例子: log2 8 = 3,因為8 = 23,所以那個次方數3就是log2 8的答案.

� 對數函數的圖形剛好跟指數函數成對稱(因為是x, y對調).
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y = ax跟y = loga x是以y = x為鏡面反射軸形成對稱.

• 設a > 0, a ̸= 1, 對數的規則如下:

(a) 如果x > 0, aloga x = x; (同底時,正數先取對數再求指數可還原)(x為正數才能取log)

(b) loga(a
x) = x (同底時,x先取指數再做對數可還原)

(c) 對任何u, v > 0,則loga(u · v) = loga u+ loga v (對數裡面相乘則外面相加)

(d) 對任何u, v > 0,則loga(
u

v
) = loga u− loga v (對數裡面相除則外面相減)

(e) 對任何p為實數及任何 x > 0,則loga(x
p) = p loga x (對數裡面的次方數可移到前面當作倍數)

(f) 對數換底公式:設a, b, x > 0且a ̸= 1, b ̸= 1,則loga x =
logb x

logb a
(將底數a換成b)

(g) 基本例: loga 1 = 0, loga a = loga a
1 = 1, loga a

k = k;

loga
1

a
= loga(a

−1) = −1;

loga
√
a =

1

2
, loga

n
√
a =

1

n

以下是範例題目:

65. (x, y, a, b > 0)化簡

(a)log2(6x) = (b)log5(x
3y6) = (c)log7

(
ab
3
√
c

)
66. 合併

(a) 3 log x+ 1
2
log(x+ 1) (b) 3 log s+ 1

2
log t− 4 log(t2 + 1)

• log是指log10,以10為底. 未來微積分課程內最常用的是自然對數ln,以e為底數.

• 與根式相似的是,下列有些算式不相等,也沒有這類規則:

log 6

log 2
不等於log

(
6

2

)
log(6 + 2)不等於log 6 + log 2

67. 已知log 2 = a, log 3 = b,

(a)(利用換底公式)請將log8 5用a表示;

(b)(利用換底公式)請將log9 20用a, b表示.

• 微積分課程內,常常用ln來取代,例如log2 x,就會用換底公式進行:

log2 x =
lnx

ln 2

68. (a)計算化簡log5(
25

125
) (b)計算化簡log5(25

10) (c)展開log

(
x2y

z

)
(d)計算化簡log2 60− log2 15 (e)計算化簡log5

1√
125

(f)計算化簡log(log 1010000)
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(g) 展開loga

(
x2

yz3

)
(h)計算化簡log

√
x
√
y
√
z

• 指數方程與對數方程求解,常用以下規則:

loga u = loga v可得u = v(其中u, v > 0);

au = av且a > 0, a ̸= 1,則u = v.

69. 解方程式

(a) 33−2x = 4

(b)e2x − 5ex + 6 = 0

(c)3xex + x2ex = 0

(d)log(x2 + 1) = log(x− 2) + log(x+ 3)(本題的解須符合x > 2)

(e) log2(25− x) = 3

(f)log(x+ 2) + log(x− 1) = 1

(g)2x − 10 · (2−x) + 3 = 0

(h)x2 · 3x + x · 3x − 3x = 0
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9 三三三角角角函函函數數數課課課程程程綱綱綱要要要(目目目前前前這這這部部部分分分綱綱綱要要要供供供老老老師師師參參參考考考,

由由由於於於描描描述述述過過過於於於簡簡簡略略略,學學學生生生可可可能能能看看看不不不太太太懂懂懂)

� 三角函數定義(角度多以單位圓的弧長表示,傳統以度表示角度如360◦,在此換算為弧度制2π)

� 本課程內直接以斜邊為1來定義說明廣義三角函數,

� 單位圓上的點(cos θ, sin θ)的x座標與y座標直接是用三角函數表示

� 以sin θ, cos θ為基本

tan θ =
sin θ

cos θ
, cot θ =

cos θ

sin θ
,

sec θ =
1

cos θ
, csc θ =

1

sin θ

� 平方關係(由畢氏定理)

sin2 θ + cos2 θ = 1,

1 + tan2 θ = sec2 θ,

1 + cot2 θ = csc2 θ

� (以下考慮三角函數圖形,x為輸入,y為輸出)

y = sinx, y = cosx, y = tanx圖形簡單說明(週期),

� 電資類科系請導入方波或三角波乘上sinx或cosx的函數圖形

� sin(函數名稱)與 sinx (帶有輸入項的三角函數式子)這兩者不同

� sin2 x = (sinx)2不等於sinx2 (最後一式的平方優先計算,

前兩式相同,第一式是常用的書寫方式,可避免過多括弧)

� sinn x寫法只用於n > 0(避免和反三角函數的常用符號記法衝突)

� 例子(sinx)−2 =
1

(sinx)2
=

1

sin2 x
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� sin(−x) = − sinx為奇函數,cos(−x) = cos x為偶函數(由圖形).

� tan(−x) = − tanx (當x ̸= (n+
1

2
)π時)

� 餘角關係

� 說明解釋歐拉公式(課本附錄三中有列)

� 推導和差角公式(sin(α± β)與cos(α± β))

� 特例:兩倍角公式

� 半角公式

� 積化和差公式
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